Abstract: A combination of spatial interference patterns and spectral interferometry are used to find the global phase for non-collinear twodimensional Fourier-transform (2DFT) spectra. Results are compared with those using the spectrally resolved transient absorption (STRA) method to find the global phase when excitation is with co-linear polarization. Additionally cross-linear polarized 2DFT spectra are correctly "phased" using the all-optical technique, where the SRTA is not applicable.
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Introduction
Over the last decade, two-dimensional Fourier-transform (2DFT) spectroscopy at optical wavelengths has proven to be a useful spectroscopic tool; see for example [1] [2] [3] . Optical 2DFT spectroscopy is analogous to multidimensional nuclear magnetic resonance spectroscopy [4] . In the optical regime, intense laser pulses are used to explore either the vibronic or electronic resonances, depending on the frequency of excitation. 2DFT allows congested spectra to be unfolded, separating populations from coherent interactions to reveal both dynamic and structural information. Present day 2DFT spectra are generated by taking a numerical Fourier transform of timedomain measurements, such as a heterodyne-detected photon echo. Multiple pulses excite the nonlinear response in a sample, where the photon echo is one specific case of a larger set of transient four-wave mixing (TFWM) signals [5] [6] [7] [8] . In these time-domain experiments, the emission can be measured as a function of the pump time delay, or as a function of a gating pulse delay used to temporally resolve the signal. For 2DFT experiments, the TFWM technique is enhanced so that the phase of the signal can be explicitly tracked, while the incident pump and emission time delays are scanned. The time-domain emission can also be spectrally resolved to improve the detection speed; in which case, spectral interferometry (SI) techniques can be employed to measure the complex spectrum [9] .
Sub-cycle phase control is required to perform 2DFT experiments, and is harder to achieve as the excitation frequency is increased. An early example of phase control used SI between second harmonic generated at the pump overlap in the sample and a doubled reference beam [10] . The result of which was a real-time measurement of the interferometer's optical path difference, allowing for manual correction [6, 11] . Alternatively, co-propagating continuouswave laser beams can measure the optical path difference, supplying this real-time information to a feedback loop without impeding the scan range of the interferometer arms [12] . Active feedback loops have been shown to stabilize NIR light up to approximately λ/100 [12, 13] . An alternative to the active stabilization is the use of common path optics based on diffractive optic elements [14, 15] and pulse shaping [16] [17] [18] [19] . Many of these systems typically suffer from short maximum delays between the pump pulses. Recently spatial patterns have been employed to stabilize the phase of the excitation pulses in infrared 2DFT spectra [20] .
Collinear [16] , partially collinear [17, 18] and non-collinear [6] [7] [8] 2DFT experiments have had varying success separating phase contributions from the signal and phase offsets associated with the pump beams or heterodyning interferometers. Obtaining this global phase allows extraction of the real and imaginary components of the 2DFT spectrum [21] . The global phase is associated only with the third-order response function of the material, and is independent of the phase of the excitation pulses or the phase of any additional heterodyning pulses. The importance of this has been demonstrated with respect to finding absorptive lineshapes of vibrational correlations in molecules [22] and in the many-body interactions of semiconductor excitons [23, 24] .
For non-collinear phase-matching 2DFT experiments, correctly "phasing" the spectra has been achieved by matching the complex TFWM spectrum to the spectrally resolved transient absorption (SRTA), recorded in an auxiliary yet in situ measurement [2] . The method requires using the two-beam, pump-probe geometry to mimic the exact excitation condition used in the 2DFT measurement, a criterion that is especially strict for semiconductor spectroscopy. However, mimicking these conditions exactly can be tricky since the geometry is different. Moreover, at low excitation densities matching the weak SRTA and complex TFWM spectra can lead to significant errors. Furthermore, SRTA cannot be measured to phase certain cases of 2DFT spectra; namely, cross-polarization [24] and some virtual-echo techniques [25] .
In this paper, we address acquisition of the global phase for non-collinear 2DFT experiments without relying on a SRTA measurement. Instead, an all-optical measurement is demonstrated, which is based on using spatial interference patterns at the sample position combined with SI measurements. These demonstrations are performed on 2DFT spectra of semiconductor excitons in multiple quantum wells (MQWs). First, the samples are excited by suitably strong, co-linear polarized pump beams, where the SRTA measurement can provide good comparison to the all-optical scheme proposed. Secondly, a cross-linear polarized excitation case is presented where no such comparison is possible.
Analysis
Electronic 2DFT spectroscopy in the χ 
All-optical phase retrieval
The global phase of the 2DFT spectrum is a result of the third-order polarization and independent of the input pulses or any other optical paths. In the frequency domain, the thirdorder polarization can be written as
where
D ω ω ω ω is the nonlinear susceptibility. Each term can be written using complex notation, such that
. All three pump fields are assumed to have the same power spectrum, with different wavevectors, time delays and phases. So the total field can be expressed as 
where ( )
and φ i are the reduced electric field, wavevector, delay and phase of the i th beam. Now the notation A, B, C is used to relate the pulses to those chosen in the phasematching condition above. This expression can be inserted into Eq.
(1) with due attention to the complex nature of each term. There are many contributions to the third-order polarization for the sample. If only the S I technique is considered, then the polarization for the
The TFWM signal can be written as
reference pulse that has a power spectrum identical to the pump pulses, yet has different phase and delay: thus 
In SI the individual field terms are subtracted and the appropriate interference term is chosen based on causality arguments [7] , leaving only the
The delay components can be removed through careful measurement and setting them to zero. For the 2DFT measurement A B τ τ τ = − is scanned and is not removed from the entire data set. However, as previously mentioned phase offset is only required at 0 τ = . Therefore, when measuring the spectral phase of the signal we may be left with phase offsets that displace the signal. These contributions rotate the entire complex 2DFT spectra and are given by SI gives spectral phase information, from which a phase offset can be extracted and used in Eq. (6) . The individual phase offsets of the three incident pumps and reference pulses need to be obtained elsewhere. In the box geometry, the four pulses overlap at the sample position, resulting in a spatial interference pattern that contains information about all four phase offsets. Using a camera, this can be captured as an image that can be interrogated to extract these offset values. The entire 2D image can be processed simultaneously or pair-wise comparisons of the pulses, such as Semiconductors are extremely sensitive to the excitation conditions. Therefore, the reference pulse cannot pass through the TFWM excitation spot on the sample, mandating the use of an additional interferometer. In these cases, the reference pulse is not the tracer pulse and the camera image is insufficient to obtain the true signal phase. Consequently, the treatment of global phase retrieval must be extended to link the tracer to the reference of Eq. (6). This can be done with an additional SI measurement between only the tracer and reference. Following the same recipe for SI, Eq. (4) 
where T τ and T φ are the delay and phase of the tracer beam. In this case the time delays terms are measured explicitly, so that the remaining phase offset terms are (8) gives 
Experimental
The pump source is a 160 fs Ti:sapphire laser oscillator, with a repetition rate of 76 MHz and a center wavelength of about 800 nm (~1555 meV). It is split into four identical pulses, arranged in the box geometry by a new ultra-stable set of cascaded interferometers. This apparatus is the subject of a different paper [27] . These interferometers are phase-stabilized to better than λ/100 using active feedback loops that read an error signal from co-propagating HeNe beams; see Zhang et al [13] . As shown in Fig. 1(a) , three of the input pulses are the pumps for the TFWM and 2DFT measurements, and the fourth is the phase-stabilized tracer (and reference) pulse. All four beams are focused with a 15 cm lens so that they impinge on φ SR the sample at the same location inside the cryostat. The generated TFWM signal is diffracted along the phase-matching direction, which is collinear with the tracer pulse. A collimating lens reconstructs the box on the exit side of the cryostat. The reference pulse is split from the tracer before the sample position and focusing lens and is routed around the cryostat. A beam splitter recombines the reference with either the TFWM or tracer before it is coupled into a spectrometer with a thermo-electric cooled CCD attached.
A replica focus is created away from the main axis of the experiment. This is achieved using a beam sampler, placed between the focusing lens and the sample position, which reflects the converging beams onto a small turning mirror. The beam sampler is aligned to perfectly back reflect the incident beams without the presence of the lens, ensuring identical contributions to the phase due to reflection. The mirror is placed on the axis of the box, so as not to obscure the incoming beams, and reflects them at 45 o so they focus outside the box. A camera captures the replica focus with a x40 microscope objective magnifying the crossing point. Various camera images are shown in Figs. 1(b) , 1(d) and 1(f), corresponding to all pulses (almost) in phase, one pulse π out of phase, and only two pulses interfering, respectively. A simple Gaussian beam model is used to generate the patterns for comparison; these are shown in Figs. 1(c) , 1(e) and 1(g) for the same conditions as those above. The replica focus allows for phase measurement of the incident four beam without the tracer impinging the sample during the TFWM and 2DFT experiments.
Samples are epitaxially grown and consist of 4 periods of GaAs QWs surrounded by Al 0.3 Ga 0.7 As barriers. Both the QWs and barriers are 10 nm thick. For the experiments the samples are attached to sapphire disks and thinned. Experiments are performed at approximately 5 K. Linear absorbance is shown in Fig. 2(a) , where X hh and X lh peaks are the heavy-and light-hole excitons, respectively.
Rephasing 2DFT measurements are performed by scanning pulse A away from the sample (backward in time) in uniform steps while measuring the complex TFWM field. A Fourier transform is performed along the direction of the scanned time axis. The complex field is captured by SI with the reference. Figures 2(b) -2(d) show an example interference term, retrieved TFWM spectrum (red) and spectral phase, respectively. The non-heterodyned TFWM spectrum (black) shows good agreement. The polarizations of these examples are colinear, that is XXXX, where the first three X's denote the polarization state of the pump beams and the final that of the emission. For cross-linear polarized measurements the excitation is YXXY. error of ± 0.02 π, determined by several repetitions of the measurement. Despite this low error value, using the auxiliary SRTA measurement can be problematic:
Results and discussion

Phase retrieval
• The pump and probe pulses do not correctly mimic the three-beam TFWM signal.
• At low excitation densities the reproducibility of the SRTA is poor.
• SRTA is not applicable to cross-polarized 2DFT spectra.
• Similarly SRTA is not applicable to projections yielding two-quantum information. The first two points are technical and can potentially be overcome. The latter two however, is a fundamental restriction to the versatility of 2DFT spectroscopy.
The phase offsets outlined in Eq. (9) are required to capture the global phase using the alloptical method proposed in the previous section. It should be made clear that the phase offsets are very sensitive to the time delays between the pulses [2] . Therefore, field correlations between all the pulse pairs must be performed at the replica focus. Figure 4(a) shows the field correlation between pulses A and B. The τ = 0 position on the delay stage is found by fitting the pattern with a Gaussian envelope on a sinusoidal oscillation. The error associated with fitting is up to 1 fs, which is potentially a 0.04 π error at 800 nm. This is repeated for each pair in the box geometry. For correct phase retrieval of the ( , , )
scan, the initial delays τ 0 and t 0 must be known precisely. The former is set using the field correlation method, where as the latter is determined though SI, discussed below. Once the time delays are set correctly, the phase offsets between the incident pumps and tracer pulses are extracted from the interference patterns recorded with the camera image. Examples of two-dimensional patterns are shown in Figs. 1(b) -1(e) . However, it is easier to fit one-dimensional interference patterns between pairs of pulses; see Figs. 1(f) and 1(g). Vertical integration of the center section of the camera images for the pairs yields one- The error here is associated with fitting the interference pattern. Additional errors may occur if the pulses in the box are not perfect copies of one another, leading to imperfect interference patterns at the replica focus. Also, note that improved phase retrieval can be obtained by applying small phase shifts of the interference patterns, captured before and after locking the feedback loop. In the time domain, the zero-time contributions (red) can be truncated leaving only the contribution due to spectral interferometry with the tracer (black). As can be seen, the time delay between the tracer and reference is approximately 15 ps. This is t 0 , which is applied in the 2DFT analysis to prevent phase roll along the emission axis. The accuracy in retrieving t 0 is about 5 fs, which is suitable since the spectral region of interest is less than half the laser bandwidth. Figures 5(c) and 5(d) show the retrieved spectrum and spectral phase of the tracer, respectively. In the latter, the experimental phase (black dots) is modeled using a vector sum of the incident radiation and the polarization of the sample, where the polarization is obtained from the linear absorption. The modeled phase has two discontinuities, one at each resonance, where the reradiated light is in anti-phase with the incident light. The X hh peak dominates the phase structure, because it has the larger dipole moment. In addition, the modeling requires a quadratic spectral phase due to slight differences in the dispersion between the tracer and reference arms of the interferometer. π . This value can be improved by averaging several 2DFT spectra. The all-optical phase compares favorably with the phase retrieval by SRTA method, and moreover it can be used in cases where the SRTA is not applicable. Normalized Amplitude
Co-linearly Polarized 2DFT Measurements
Co-linear polarized 2DFT spectra with T = 200 fs are shown in Fig. 6 with real and imaginary parts in the left and right panels respectively. The top panels 6(a) and 6(b) are phased using the SRTA method and the bottom panels 6(c) and 6(d) are the same data phased using the alloptical method. The agreement between the spectral lineshapes is very good. In addition the lineshape matches well to results recently shown in a polarization study of a 10 period GaAs MQW sample [24] . The 2DFT spectra show two diagonal features corresponding the X hh and X lh populations and coupling between both these states with off-diagonal peaks. (Note that the absorption axis is negative, and hence the diagonal slopes downward.) Elongation is also observed due to inhomogeneous broadening of the states. Strong many-body interactions dominate the co- linear polarized spectrum; consequently the diagonal lineshapes of the real part are dispersive. The X hh peak dominates the spectrum because of its stronger oscillator strength. Of the two off-diagonal coupling peaks the X lh -hh (bottom left) is the strongest, due to the strong coherent many-body interactions in the X hh and X lh system [23] . The imaginary part of the spectrum shows absorptive lineshapes for all four peaks. Additionally, the heavy-hole biexciton (2X hh ) can be clearly seen as a negative dip. This is expected since the 2X hh is an excited state from which a coherent oscillation is generated. Figure 7 shows the real 7(a) and imaginary 7(b) parts of the cross-linear polarized 2DFT spectrum taken for T = 0 fs. (Due to a significantly weaker TFWM signal for crosspolarization excitation T = 200 fs is harder to obtain.) The polarization study of Zhang et al.
Cross-linearly Polarized 2DFT Measurements
could not capture the correct global phase using SRTA and only showed the amplitude spectrum with horizontal elongation due to biexciton peaks on all four features [24] . The real part of the spectrum shows absorptive diagonal features, as would be expected due to the suppression of many-body interactions for these polarization conditions. Additionally, the 2X hh peak is stronger and once again a negative dip. Cross-polarization enhances the relative strength of the biexciton peaks due to selection rules. The real part of the spectrum shows similarities to calculations performed using a one-dimensional microscopic site-based tight-binding model [28].
Conclusion
We have demonstrated an all-optical method for obtaining the global phase for a 2DFT spectroscopy. The method requires measuring the phase difference between the input pump beams and the tracer beam, and performing SI between the tracer and a phase-stabilized reference beam used for heterodyne detection. The method has been contrasted with the SRTA technique for correctly phasing the 2DFT spectra, showing promising results. An additional demonstration has been given where SRTA is not applicable, i.e. with the first two pump pulses cross-polarized. This method has been presented only for the common rephasing 
